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Abstract – This paper introduces virtual thrust (VT),
a continuous low-thrust control abstraction applied
directly to asteroid deflection, as a way to design
multiple-kinetic-impactor (MKI) campaigns. The
method first solves a continuous VT optimal-control
problem with sequential convex programming, then
transcribes the resulting thrust profile into a set of
dense impulses, and finally compiles those impulses
into a finite impact campaign. Two VT cases are
studied: one maximizes deflection for a fixed control
budget, and the other minimizes the asteroid velocity
change needed to reach a prescribed target deviation.
The method is tested on an Apophis-style case with
different lead times, impact speeds, cadence limits,
and control authority levels. The compiled campaigns
retain almost all of the continuous VT deflection. In
the cases with a fixed budget, they also closely match
a separate direct impulse allocation baseline. The
minimum-Δv cases require only a modest number of
extra impact opportunities. These results show that
VT is a useful intermediate representation: it solves
the deflection problem once as a continuous control
problem, while the same VT profile can be recompiled
into different effective MKI campaigns as mission
assumptions change.

I. INTRODUCTION
Potentially hazardous asteroids (PHAs) are celestial bod-
ies that are sufficiently large and whose orbits bring them
sufficiently close to the Earth to pose a significant impact
threat. They belong to the class of near-Earth objects
(NEOs). Concretely, NASA defines PHAs as having a
minimum orbit intersection distance (MOID) of less than
0.05 AU and a magnitude of 22.0 or less [1]. Even though
the possibility of a civilization-ending asteroid impact is
low, the catastrophic consequences of such an event have
motivated extensive work on planetary defense methods,
and there are many smaller asteroids that could inflict sig-
nificant damage should they strike near a populated area.
In 2016, NASA established the Planetary Defense Coor-
dination Office (PDCO) to manage the agency’s ongoing
mission of finding, tracking, and better understanding
asteroids and comets that could pose an impact hazard.

A wide range of asteroid deflection and planetary defense
strategies have been explored, with abundant examples in
the literature. Conway [2], for example, considered strate-
gies to maximize deviation using an impulsive maneuver.
Izzo [3] analyzed both continuous and impulsive thrust
and the resulting deflection. Conway[2] and Fantino[4]
focused on analysis and optimization of the trajectories
of planetary defense spacecraft. Colombo [5], Santos [6],
and Ketema [7] explored the continuous thrust method,
while authors such as Ross [8] studied the single kinetic
impactor method. Other methods such as electric propul-
sion systems attached to the asteroid [9], or spacecraft
acting as “gravity tractors” [10] have also been explored
as potential defense strategies.
A natural extension of the single kinetic impactor (SKI)
concept is the multi-kinetic impactor (MKI), in which
several impactors transfer momentum to the asteroid
over multiple collisions. MKI can improve mission
robustness, increase the probability of a successful impact,
and provide greater design flexibility. It also expands
the design space, since the number of impactors, impact
cadence, impact directions, and impact speeds must be
considered. In this paper, an MKI campaign refers to
the finite set of impacts used to deflect the asteroid. At
the asteroid-side level considered here, a campaign is
described by the number of impacts and, for each impact,
its epoch, Δv magnitude delivered to the asteroid, and
direction. The spacecraft transfer arcs that produce those
impacts are not included in this campaign definition.
Recent work has begun to explore these design vari-
ables. Hydrodynamic simulations by Youtao et al. [11]
demonstrate that, for a fixed total system mass, MKI con-
figurations can improve deflection performance relative to
SKI, although outcomes are highly dependent on impact
geometry and velocity. Multi-modal deflection studies,
such as [12], further highlight the nonlinear nature of mo-
mentum transfer in multi-impact scenarios. Mission-level
MKI architectures have been explored by Bolzoni [13],
Qiao [14], and Massini et al. [15], examining deployment
strategies, sequential impact concepts, and rapid response
architectures based on impactors prepositioned in Earth–
Moon parking orbits. Additionally, Chignoli [16] shows
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that while increasing the number of impactors can im-
prove deflection, diminishing returns and sensitivity to
cadence and uncertainty limit performance gains.
Despite these advances, existing work often treats MKI
through parametric sweeps or architecture studies. Most
studies also examine only a small number of impactors,
while larger or more massive targets could require cam-
paigns with dozens of impacts or more. For that regime,
a practical design procedure is still needed to go from a
desired asteroid deflection to a finite campaign without
first guessing the number of impacts, their timing, or how
the impulse should be distributed. VT addresses that
gap by solving a continuous low thrust control problem
applied to the asteroid first.
VT is not intended to replace full spacecraft transfer
design or to prove global optimality; rather, it provides
a reference control history that can later be converted
into different discrete impact campaigns under mission
cadence requirements and limits on the asteroid Δ𝑣 deliv-
ered by each impact. In this role, VT is useful for early
mission trade studies.
This paper develops the VT design process. We first
model the desired asteroid velocity changes as a bounded,
fictitious continuous thrust profile applied directly to the
asteroid. That profile is then transcribed into a dense
set of impulses and grouped by a greedy compiler into
a finite MKI campaign. The result is a bridge between
continuous optimal control and discrete impact design:
the optimization finds when and in what direction the
asteroid should be pushed, while the compiler turns
that information into impact epochs, delivered impulse
magnitudes, directions, and impact count. The compiler
adds flexibility by allowing different MKI campaigns to
be generated under different mission assumptions while
still targeting the same desired deviation.

II. METHODOLOGY
Our method follows the three-step pipeline shown in
Fig. 1. In the first step, the VT optimization setup
uses sequential convex programming (SCP) to produce a
bounded continuous control profile. In the second step,
the zero-order-hold (ZOH) VT intervals are converted into
a dense sequence of impulses. In the third step, a greedy
MKI compiler locally groups those dense impulses into
a sparse interception campaign that respects a minimum
cadence between impacts.
We use the following notation throughout.

x𝐴 =

[
r𝐴
v𝐴

]
∈ R6, r 𝑓 = r𝐴(𝑡 𝑓 ) − r𝐸 (𝑡 𝑓 ).

Here x𝐴 is the heliocentric state of the asteroid, given
by its position r𝐴 and its velocity v𝐴, and the position
vector of the asteroid relative to the Earth at the final
closest-approach (CA) epoch 𝑡 𝑓 is r 𝑓 .

A. Step 1: VT Optimization Setup
Designing a full MKI campaign is a nonlinear problem
with both discrete and continuous decisions: one must
decide how many impactors are used, when they arrive,
and what impulse magnitude and direction each impact
should deliver, while also satisfying mission constraints
such as minimum cadence. In the first step, the VT
optimization replaces this problem with a continuous
thrust control problem applied to the asteroid.
Fig. 2 illustrates the idea. We build the reference case
by forcing the asteroid to strike Earth at the nominal CA
point, and then back-propagate the Earth and asteroid
orbits from this condition to set the state at the initial
feasible control epoch 𝑡0 (the earliest epoch at which a
first interception could occur). Because the reference
impact is enforced, the nominal terminal miss distance
is zero. Hence, the achieved terminal deviation is the
VT-induced perturbation, Δrtotal = 𝛿r.
We model the natural asteroid motion with Cartesian
heliocentric two-body dynamics,

f (x𝐴, 𝑡) =
[

v𝐴
−𝜇⊙r𝐴/∥r𝐴∥3

2

]
, (1)

where 𝜇⊙ is the solar gravitational parameter. Adding the
control gives the VT model,

¤x𝐴 = f (x𝐴, 𝑡) +
[

0
𝑎maxu(𝑡)

]
, ∥u(𝑡)∥2 ≤ 1. (2)

Here u(𝑡) ∈ R3 is dimensionless, and the physical as-
teroid acceleration is 𝑎maxu(𝑡), which stands in for the
control authority of a kinetic-impactor campaign. We
demonstrate the framework using terminal Earth–asteroid
deviation at the nominal CA epoch.
We discretize the control on a ZOH grid made of 𝐾
intervals:

𝑡0 < 𝑡1 < · · · < 𝑡𝐾 = 𝑡 𝑓 ,

Δ𝑡𝑘 = 𝑡𝑘+1 − 𝑡𝑘 ,
u(𝑡) = u𝑘 , 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1).

(3)

where 𝑡𝑘 is a ZOH grid node and Δ𝑡𝑘 = 𝑡𝑘+1 − 𝑡𝑘 is the
duration of the 𝑘-th interval. The control u𝑘 ∈ R3 is
dimensionless over interval 𝑘 , and the physical asteroid
acceleration is 𝑎maxu𝑘 . The corresponding control effort
(the total velocity change delivered by VT) is

Δ𝑉𝐴 = 𝑎max

𝐾−1∑︁
𝑘=0

∥u𝑘 ∥2Δ𝑡𝑘 , (4)

or, in continuous form,

Δ𝑉𝐴 = 𝑎max

∫ 𝑡 𝑓

𝑡0

∥u(𝑡)∥2 𝑑𝑡. (5)
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Fig. 1: Three-step VT-to-MKI workflow. Step 1 solves a continuous VT optimization problem, Step 2 transcribes the ZOH
control profile into dense midpoint impulses, and Step 3 greedily compiles those impulses into a finite MKI campaign that
satisfies the cadence limit.

Fig. 2: VT concept schematic. The asteroid is modeled as
if acted on by a fictitious continuous thrust source. Any
deviation from the nominal impact condition at CA is
caused by the applied VT profile.

B. Control Authority Proxies for Kinetic Impactors
We approximate the asteroid velocity change available
as control authority from 𝑁 identical kinetic impactors
by assuming perfectly inelastic, aligned collisions. The
scalar proxy assumes that the relative impact velocity
contributes along the intended impulse direction, and the
asteroid mass is treated as unchanged after each impact
because 𝑚sc ≪ 𝑚𝐴.

Δ𝑉𝐴,max =
𝛽𝑁𝑚sc𝑣rel
𝑚𝐴

. (6)

Here Δ𝑉𝐴,max is the available Δ𝑉𝐴 budget, while Δ𝑉𝐴 de-
notes the velocity change actually used by a VT solution.
𝑚𝐴 is the asteroid mass, 𝑚sc is the mass of one spacecraft,

𝑣rel is the assumed aligned impact relative speed, 𝛽 is
the momentum-enhancement factor (which accounts for
ejecta generated by the impact), and 𝑁 is the number of
full-speed impactor units used to define the available con-
trol authority. More generally, the transferred component
can be written as 𝑣rel cos 𝛾, where 𝛾 is the angle between
the interceptor and the asteroid velocity direction. In this
paper we assume the aligned case, 𝛾 = 0, so cos 𝛾 = 1.

Δ𝑣𝐴,1 =
𝛽𝑚sc𝑣rel
𝑚𝐴

. (7)

We also define an acceleration proxy based on cadence,

𝑎max ≈ 𝛽𝑚sc𝑣rel
𝑚𝐴Δ𝑡cad

, (8)

where Δ𝑡cad is the minimum time between successive
impacts. Together, these proxies link the continuous
VT solution to a control authority equivalent to an MKI
campaign and a cadence limit.
In the numerical examples we set 𝛽 = 1, so each impact
transfers only the incident spacecraft momentum. In
practice, 𝛽 can exceed one and depends on impact ge-
ometry, surface properties, porosity, and ejecta behavior.
For instance, DART-based estimates found 𝛽 = 3.6 [17].
We treat the cadence Δ𝑡cad as a mission-level constraint,
not just a numerical value we can change. Therefore,
enforcing a minimum time between impacts prevents
unrealistically dense impact sequences from the com-
piler. From a mission perspective, it also leaves time for
orbit determination and retargeting, and gives a way to
adapt if the measured momentum transfer differs from
the conservative 𝛽 = 1 assumption.
The two VT optimization modes answer different de-
sign questions. In the fixed-budget maximum-deflection
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mode, 𝑁 , 𝑣rel, and Δ𝑡cad define the control authority
Δ𝑉𝐴,max = 𝑁Δ𝑣𝐴,1, and we ask how much final deflec-
tion that authority can produce. Here 𝑁 is an authority
level, not necessarily the final number of compiled im-
pacts. In the minimum-Δ𝑣 mode, no fixed authority level
is imposed; we instead minimize Δ𝑉𝐴 needed to reach the
prescribed target band. In both modes, the final impact
epochs, directions, magnitudes, and count are obtained
only after midpoint transcription and greedy compilation.
C. Fixed-Budget Maximum-Deflection VT Problem
The fixed-budget maximum-deflection problem asks how
much final deflection can be produced by a prescribed,
MKI-equivalent control budget:

max
x𝐴 ( ·) ,u( ·)

1
2


r𝐴(𝑡 𝑓 ) − r𝐸 (𝑡 𝑓 )



2
2 , (9)

subject to (2), the fixed initial condition x𝐴(𝑡0) = x𝐴,0,
the control bound ∥u(𝑡)∥2 ≤ 1, and the budget

𝑎max

∫ 𝑡 𝑓

𝑡0

∥u(𝑡)∥2 𝑑𝑡 ≤ Δ𝑉𝐴,max. (10)

We solve this nonlinear problem with SCP [18, 19]. At
iteration 𝑖, the current control history {u(𝑖)

𝑘
}𝐾−1
𝑘=0 is prop-

agated with the nonlinear two-body dynamics to obtain
the reference trajectory {x(𝑖)

𝑘
}𝐾
𝑘=0. We define

𝛿u𝑘 = u𝑘 − u(𝑖)
𝑘
, r(𝑖)

𝑓
= r(𝑖)

𝐴,𝐾
− r𝐸 (𝑡 𝑓 ), (11)

where r(𝑖)
𝐴,𝐾

is the terminal asteroid position on this refer-
ence trajectory. Small perturbations about the reference
trajectory satisfy the local linear model

𝛿x𝑘+1 = A(𝑖)
𝑘
𝛿x𝑘 + B(𝑖)

𝑘
𝛿u𝑘 , 𝛿x0 = 0. (12)

Here, A(𝑖)
𝑘

and B(𝑖)
𝑘

describe the first-order effect of state
and control perturbations on interval 𝑘 . Because the objec-
tive depends only on the asteroid position at 𝑡 𝑓 , we chain
these local sensitivities to map each control perturbation
directly to the final asteroid-position perturbation:

𝛿r𝐾 =

𝐾−1∑︁
𝑘=0

S(𝑖)
𝑘
𝛿u𝑘 , (13)

where S(𝑖)
𝑘

∈ R3×3 is the first-order sensitivity of the final
asteroid position to a control change on interval 𝑘 .
To build S(𝑖)

𝑘
, we consider the incremental effect of chang-

ing only the control on interval 𝑘 . Since no earlier control
perturbation is applied in this isolated calculation, the
state perturbation entering interval 𝑘 is 𝛿x𝑘 = 0. The lo-
cal model then gives 𝛿x𝑘+1 = B(𝑖)

𝑘
𝛿u𝑘 . This perturbation

is propagated from node 𝑘 + 1 to the final node, and only
the position rows are retained:

S(𝑖)
𝑘

=
[
I3 03×3

]
A(𝑖)
𝐾−1A(𝑖)

𝐾−2 · · ·A
(𝑖)
𝑘+1B(𝑖)

𝑘
∈ R3×3.

(14)

where
[
I3 03×3

]
keeps the position rows of the state. The

full terminal perturbation is then obtained by summing
these interval contributions over the complete control
history. This simplified form lets the SCP subproblem
perform faster by removing the intermediate state pertur-
bations as decision variables while retaining the linearized
effect of every control interval on the final miss vector.
The objective is linearized by writing r 𝑓 ≈ r(𝑖)

𝑓
+ 𝛿r𝐾 .

Then
1
2
∥r 𝑓 ∥2

2 ≈ 1
2
∥r(𝑖)
𝑓
∥2

2 +
(
r(𝑖)
𝑓

)𝑇
𝛿r𝐾 .

The first term is constant inside the SCP subproblem, so it
is dropped. Using the condensed map for 𝛿r𝐾 , the convex
subproblem becomes

max
{ 𝛿u𝑘 }

(
r(𝑖)
𝑓

)𝑇 𝐾−1∑︁
𝑘=0

S(𝑖)
𝑘
𝛿u𝑘 (15)

subject to
∥u(𝑖)
𝑘

+ 𝛿u𝑘 ∥2 ≤ 1, (16)

𝑎max

𝐾−1∑︁
𝑘=0

∥u(𝑖)
𝑘

+ 𝛿u𝑘 ∥2Δ𝑡𝑘 ≤ Δ𝑉𝐴,max, (17)

∥𝛿u𝑘 ∥2 ≤ Δ
(𝑖)
𝑢 . (18)

Here Δ(𝑖)
𝑢 is the trust-region radius. After each SCP step,

we propagate the candidate control history with the actual
nonlinear dynamics and accept it only when the nonlinear
improvement agrees with the model prediction.
The maximum-deflection problem is initialized with the
Conway near-optimal impulsive deflection approxima-
tion [2]. In this approximation, the two-body state transi-
tion matrix (STM) from the initial epoch to CA gives the
terminal position response to an initial velocity impulse.
The dominant direction is obtained from the principal
eigenvector associated with Φ𝑇𝑟𝑣Φ𝑟𝑣 , where Φ𝑟𝑣 maps
an initial velocity perturbation into a terminal position
perturbation. This direction is used only to initialize
the SCP solve; the SCP iterations then optimize the full
distributed VT history.
D. Minimum-Δ𝑣 VT Problem
The minimum-Δ𝑣 problem minimizes the asteroid velocity
change needed to reach a prescribed terminal deviation,

min
x𝐴 ( ·) ,u( ·)

Δ𝑉𝐴 = 𝑎max

∫ 𝑡 𝑓

𝑡0

∥u(𝑡)∥2 𝑑𝑡, (19)

subject to (2), the initial condition, ∥u(𝑡)∥2 ≤ 1, and the
target band

𝑑req ≤


r𝐴(𝑡 𝑓 ) − r𝐸 (𝑡 𝑓 )




2 ≤ 𝑑req + 𝑑band. (20)

This upper bound keeps the optimizer from meeting the
minimum required deviation through unnecessarily large
overshoot. Here 𝑑req is the required terminal deviation and
𝑑band is the allowed band width defined as a percentage
of 𝑑req.
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Using the condensed map in (13), the SCP subproblem
approximates r 𝑓 ≈ r(𝑖)

𝑓
+ 𝛿r𝐾 .

The minimum-deviation constraint is nonconvex, so we
reuse the first-order squared-distance linearization from
the maximum-deflection problem, but here as a constraint
rather than as the objective.

𝑔 (𝑖) (𝛿r𝐾 ) =
1
2
∥r(𝑖)
𝑓
∥2

2 +
(
r(𝑖)
𝑓

)𝑇
𝛿r𝐾 . (21)

The resulting convex subproblem is

min
{ 𝛿u𝑘 }

𝐾−1∑︁
𝑘=0

∥u(𝑖)
𝑘

+ 𝛿u𝑘 ∥2Δ𝑡𝑘 (22)

subject to

∥u(𝑖)
𝑘

+ 𝛿u𝑘 ∥2 ≤ 1, ∥𝛿u𝑘 ∥2 ≤ Δ
(𝑖)
𝑢 , (23)

𝑔 (𝑖) (𝛿r𝐾 ) ≥
1
2
𝑑2

req, (24)

∥r(𝑖)
𝑓

+ 𝛿r𝐾 ∥2 ≤ 𝑑req + 𝑑band. (25)
The formulation above is the nominal SCP subproblem. In
the implementation, a temporary nonnegative slack may
be added to the linearized minimum-deviation constraint
to avoid infeasible intermediate SCP subproblems.
The minimum-Δ𝑣 target problem is initialized with a
contiguous bang-arc warm start. We first build the termi-
nal sensitivity matrices S(0)

𝑘
, where each matrix maps a

control perturbation on interval 𝑘 to a first-order termi-
nal position perturbation. The most sensitive interval is
selected as

𝑘★ = arg max
𝑘




S(0)
𝑘





2
, (26)

where the matrix norm is the spectral norm. Using
the Conway initial direction û0, we define the terminal-
deviation direction

r̂ 𝑓 =
S(0)
𝑘★

û0


S(0)
𝑘★

û0





2

. (27)

The sign of r̂ 𝑓 is chosen so that it increases the terminal
asteroid–Earth deviation. Each interval is then scored by
how strongly it can change the terminal position in this
direction:

𝑠𝑘 =





(S(0)
𝑘

)𝑇
r̂ 𝑓






2
. (28)

The warm start places a full-throttle arc around one of
the highest-scoring intervals,

∥u(0)
𝑘

∥2 =

{
1, 𝑘0 ≤ 𝑘 ≤ 𝑘1,

0, otherwise,
(29)

where 𝑘0 and 𝑘1 are the start and end indices of the
contiguous arc. The arc length is adjusted by nonlinear
propagation until the warm start is near the target band.
This warm start only provides the initial control profile
for the SCP optimizer; it does not force the final solution
to remain bang-off-bang.

E. Step 2: Dense Midpoint Impulse Transcription
Once we have a VT solution, we replace each ZOH
interval with an equivalent impulse placed at the interval
midpoint,

𝜏𝑘 =
𝑡𝑘 + 𝑡𝑘+1

2
, 𝛿vdense

𝐴,𝑘 = 𝑎maxu𝑘Δ𝑡𝑘 . (30)

This gives the dense impulse sequence

D𝐴 =

{(
𝜏𝑘 , 𝛿vdense

𝐴,𝑘

)}𝐾−1

𝑘=0
. (31)

The impulsive nonlinear two-body propagation simply
applies the impulses at each midpoint time

r𝐴(𝜏+𝑘 ) = r𝐴(𝜏−𝑘 ), v𝐴(𝜏+𝑘 ) = v𝐴(𝜏−𝑘 ) + 𝛿v
dense
𝐴,𝑘 .

(32)
This dense sequence is an impulsive approximation of the
VT solution.
F. Step 3: Greedy MKI Campaign Compilation
The MKI campaign introduced above is written as the
finite sequence of impulsive velocity changes applied to
the asteroid,

C𝐴 =

{(
𝑇𝑗 ,Δvcomp

𝐴, 𝑗

)}𝑁greedy

𝑗=1
, (33)

where𝑇𝑗 is the epoch of the 𝑗-th compiled impact, Δvcomp
𝐴, 𝑗

is the velocity increment it delivers, and 𝑁greedy is the total
number of compiled impacts. Each campaign therefore
fixes the number of impacts, their epochs, delivered im-
pulse magnitudes,Δ𝑣comp

𝐴, 𝑗
=




Δvcomp
𝐴, 𝑗





2
, and their impulse

directions, d̂ 𝑗 = Δvcomp
𝐴, 𝑗

/



Δvcomp

𝐴, 𝑗





2
. These directions are

ideal delivered-impulse requirements. Transfer feasibility
to achieve them is left to later mission design.
Recall the dense impulse sequence D𝐴 from Step 2. We
keep only the nonzero candidates,

I = {𝑖1, 𝑖2, . . . , 𝑖𝑀 } ,



𝛿vdense

𝐴,𝑖𝑚





2
> 𝜖Δ𝑣 . (34)

Here, 𝜖Δ𝑣 is a small threshold used to remove negligible
dense impulses. The index 𝑖𝑚 is the original dense grid
index of the 𝑚-th retained impulse. Thus, 𝑚 counts the
retained impulses, while 𝑖𝑚 points back to the original
dense grid.
The greedy compiler then groups consecutive retained
impulses into compiled impacts. For compiled impact 𝑗 ,

B 𝑗 =
{
𝑖𝑚 𝑗
, . . . , 𝑖𝑙 𝑗

}
. (35)

Here, 𝑚 𝑗 and 𝑙 𝑗 are positions in the retained list I. The
index 𝑚 𝑗 marks the first retained impulse assigned to
impact 𝑗 , and 𝑙 𝑗 marks the last one. Therefore, 𝑖𝑚 𝑗

and 𝑖𝑙 𝑗
are the corresponding indices on the original dense grid.
For the nominal compilation, Δ𝑡cad and Δ𝑣𝐴,1 match the
assumptions used to build the Step 1 VT control output.
The same dense sequence D𝐴 can also be compiled again
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with different mission assumptions, such as a different
relative impact speed or cadence limit.
Each group of dense impulses assigned to one compiled
impact must remain local in time,

𝜏𝑖𝑙 𝑗 − 𝜏𝑖𝑚𝑗
≤ Δ𝑡cad, (36)

where 𝜏𝑖𝑚𝑗
and 𝜏𝑖𝑙 𝑗 are the midpoint times of the first

and last dense impulses in group 𝑗 . This condition limits
the time span of the dense impulses represented by one
compiled impact. It does not directly impose the spacing
between the final compiled impact times 𝑇𝑗 .
Each group must also stay within the velocity increment
that one impactor can deliver,
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2

≤ Δ𝑣𝐴,1. (37)

Together, these two conditions mean that one compiled
impact can replace only a nearby group of dense VT
impulses, and only if their vector sum is small enough to
be delivered by one impactor.
If a single dense midpoint impulse is already larger
than Δ𝑣𝐴,1, then that impulse cannot be delivered by
one feasible impactor. In that case, the compiler keeps
it as a single impulse for reporting and nonlinear two
body propagation, but flags the campaign as violating the
one impactor Δ𝑣 limit. No such violation occurs in the
numerical cases reported below.
The compiled impulse for impact 𝑗 is the vector sum of
the dense impulses in its group,

Δvcomp
𝐴, 𝑗

=

𝑙 𝑗∑︁
𝑟=𝑚 𝑗

𝛿vdense
𝐴,𝑖𝑟

. (38)

The compiled impact time is chosen from the dense
midpoint times in the same group. We first compute the
magnitude weighted average time,

𝑇𝑗 =

∑𝑙 𝑗
𝑟=𝑚 𝑗
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. (39)

The compiled impact time 𝑇𝑗 is then chosen as the dense
midpoint time in the group closest to 𝑇𝑗 . Larger dense
impulses therefore have more influence on the selected
impact time. Collecting all groups gives the compiled
campaignC𝐴, and the number of compiled impacts𝑁greedy
is the number of groups. The compiled campaign is then
propagated with the same nonlinear impulsive dynamics
used for the dense sequence.
This campaign provides only the impact epochs and deliv-
ered velocity increments, not the spacecraft transfer arcs.
If needed, each impulse can be converted to a required
relative impact velocity through the same momentum
transfer relation that defines Δ𝑣𝐴,1, and then added to the

asteroid velocity at the impact epoch to give the ideal
pre-impact velocity for that impactor.
For the comparisons below, 𝑑VT, 𝑑greedy, and 𝑑STM de-
note the final Earth–asteroid deviations obtained from
the continuous VT propagation, the compiled campaign
propagation, and the STM direct-allocation propagation,
respectively.
G. Baseline: Direct Impulse Allocation
As a comparison, we also build a direct impulse allocation
reference case based on the STM. This reference case
does not use the dense VT impulse sequence or the greedy
compiler. Instead, it places a prescribed number of full
strength impulses directly on the same candidate midpoint
grid used in Step 2. The purpose is to compare the
compiled campaign with a direct STM based allocation
along the Step 1 terminal deflection direction.
Let 𝜏ℓ be one candidate impact epoch. The STM from 𝜏ℓ
to 𝑡 𝑓 gives the terminal position response to a velocity
impulse at that epoch. We denote this velocity-to-position
block by 𝚽𝑟𝑣,ℓ , so that

𝛿r𝐾 ≈
∑︁
ℓ∈S𝑁

𝚽𝑟𝑣,ℓΔv𝐴,ℓ , (40)

where S𝑁 is the selected set of 𝑁 impact epochs.
The epoch selection uses the same idea as the sensitivity
scoring used in the warm start. In the implementation used
here, the terminal direction r̂ 𝑓 is taken as the normalized
Step 1 SCP terminal deflection direction,

r̂ 𝑓 =
r𝐴,SCP (𝑡 𝑓 ) − r𝐴,nom (𝑡 𝑓 )

r𝐴,SCP (𝑡 𝑓 ) − r𝐴,nom (𝑡 𝑓 )




2
. (41)

Here, r𝐴,SCP (𝑡 𝑓 ) is the final asteroid position from the
Step 1 SCP solution, and r𝐴,nom (𝑡 𝑓 ) is the nominal forced
impact asteroid final position. For this terminal direction,
we define

qℓ = 𝚽𝑇
𝑟𝑣,ℓ r̂ 𝑓 , 𝑠ℓ = ∥qℓ ∥2 . (42)

The vector qℓ gives the local impulse direction that most
increases the terminal deviation along r̂ 𝑓 , and 𝑠ℓ measures
the strength of that effect. The candidate epochs are
ranked by 𝑠ℓ , and the highest-scoring epochs are accepted
until 𝑁 epochs have been selected, while enforcing the
minimum-cadence constraint between selected impacts.
For each selected epoch, the impulse is applied at the
maximum velocity increment Δ𝑣𝐴,1 that one interceptor
can deliver, in the direction of qℓ :

Δv𝐴,ℓ = Δ𝑣𝐴,1
qℓ

∥qℓ ∥2
, ℓ ∈ S𝑁 . (43)

The resulting impulse sequence is then propagated with
the nonlinear dynamics to obtain the achieved final devia-
tion. The baseline is used differently for the two VT cases.
For maximum-deflection cases, the authority level 𝑁 is
prescribed. The STM baseline uses this same value as the
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number of full-strength direct impulses, selects 𝑁 epochs,
and reports the nonlinear achieved deflection. This does
not require the VT compiled campaign to contain exactly
𝑁 impacts. For minimum-Δ𝑣 cases, 𝑁 is scanned as
𝑁 = 1, 2, . . . , 𝑁max. We then define 𝑁STM as the smallest
value of 𝑁 for which nonlinear two-body propagation
satisfies 𝑑STM (𝑁) ≥ 𝑑req. Thus, for minimum-Δ𝑣 cases,
the STM direct allocation baseline estimates the smallest
number of full-strength impactors needed to meet the
target. This reference case is a sensitivity guided alloca-
tion along the Step 1 terminal deflection direction, not a
globally optimal solution of the full mixed integer MKI
campaign design problem.
H. Evaluation: Nonlinear Propagation and Perfor-

mance Metrics
We compare three trajectories: the original VT solution,
the dense midpoint impulse trajectory from D𝐴, and the
greedy compiled campaign trajectory from C𝐴. Every
comparison uses full two-body dynamics propagation
once the control or impulse sequence is fixed.
Our primary deflection metric is the terminal Earth–
asteroid deviation at the nominal CA epoch,

𝑑 𝑓 = ∥r𝐴(𝑡 𝑓 ) − r𝐸 (𝑡 𝑓 )∥2. (44)

We also report the total Δ𝑉𝐴, the compiled impact count
𝑁greedy, whether the cadence and per-impactΔ𝑣𝐴,1 bounds
are satisfied, and the retention ratio 𝑑greedy/𝑑VT.

III. NUMERICAL STUDY
We test the VT-to-MKI pipeline on a deflection case
using the Apophis orbit with an assumed spherical tar-
get asteroid. The Apophis orbit provides the reference
trajectory, while the assumed 100 m diameter and 2400
kg/m3 density set the target mass used in the momentum
transfer proxies. The study examines VT behavior, de-
flection retention after compilation, and comparison with
the STM direct-allocation baseline.
A. Test Matrix
The batch sweep varies four mission parameters: the
initial feasible control epoch 𝑡0, the relative impact speed
(affecting the per-impact Δ𝑣𝐴,1), the minimum cadence
between interceptions, and the campaign authority. Ta-
ble 1 lists the fixed assumptions and swept ranges, using
a fixed 6-hr ZOH interval. The larger authority levels
are included intentionally to test how the method behaves
when many impact opportunities are available. This does
not mean that realistic MKI missions always need dozens
of spacecraft; smaller cases, including 𝑁 = 10, are also
included in the sweep.
The maximum-deflection sweep gives 270 cases. The
minimum-Δ𝑣 sweep gives 432 attempts over target devia-
tions of 2, 4, 6, 8, 10, 20, 30, and 40𝑅𝐸 . Here 𝑅𝐸 denotes
one Earth radius. Of these, 386 reach the requested
deviation within 10−3 km, while 46 are excluded from
count comparisons because the VT solution itself does

Table 1. Numerical study assumptions and swept
mission parameters.

Quantity Value / range
Reference orbit Apophis
Modeled asteroid diameter 100 m
Modeled asteroid density 2400 kg/m3

Spacecraft mass 1000 kg
Momentum enhancement, 𝛽 1.0
Control lead time 36–96 months
Relative impact speed 3, 5, 7 km/s
Minimum cadence 3, 5, 7 days
Fixed-budget authority level, 𝑁 10, 25, 50, 75, 100
Target deviation (Earth radii) 2, 4, 6, 8, 10, 20, 30, 40𝑅𝐸

ZOH interval fixed at 6 hr

Fig. 3: Fixed-budget VT optimization design space before
discrete compilation. The vertical axis gives the achieved
VT deflection 𝑑VT; marker shape denotes 𝑣rel, and color
denotes the authority level 𝑁 .

not reach the target.
B. VT Optimization Design Space
Fig. 3 shows the maximum-deflection design space before
discrete compilation. Across the 270 cases, the achievable
deflection ranges from 6,324 km to 399,697 km, with a
median of 72,051 km and a median Δ𝑉𝐴 of 178.6 mm/s.
As expected, longer lead time, larger authority, and higher
impact speed increase the achievable deflection, while
longer cadence reduces it by limiting placement oppor-
tunities and lowering the 𝑎max proxy. Fig. 4 shows the
minimum-Δ𝑣 design space, where the required VT effort
increases with target deviation and generally decreases
with longer lead time.
For the successful minimum-Δ𝑣 cases, the required VT
effort has a median of 141.7 mm/s and ranges from 12.5
to 1257.7 mm/s. The lower-bound deviation constraint
is active in all successful cases, so the optimizer reaches
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Fig. 4: Minimum-Δ𝑣 VT optimization design space. Re-
quired Δ𝑉𝐴 is plotted against target deviation; marker
shape denotes 𝑣rel, and color denotes lead time 𝑡0. Larger
targets require more effort, while longer lead times gener-
ally reduce the required effort.

the deflection target with little excess margin. This
is important because as we will see a minimum-effort
continuous profile is not necessarily a minimum-count
discrete campaign.
C. Compiled Campaign Retention
Fig. 5 tests whether the compiled campaign preserves
the continuous VT deflection by plotting the percent
difference between the compiled and continuous final
deviations. The greedily compiled deviations differ from
the continuous VT deviations by only a fraction of a per-
cent: the median difference is about +0.1% for maximum
deflection and +0.2% for the successful minimum-Δ𝑣
cases. Thus, this indicates the VT profile retains enough
timing and direction information, and is sparse enough to
compile into a finite impulse campaign with essentially
no loss in the final achieved deflection.
D. Comparison with STM Direct Allocation
A retention near one shows the three-step process is
self-consistent (the same deflection achieved across all
three-steps), but not necessarily that it is competitive. To
test that, we compare it against the previously defined
STM direct allocation, which does not use the dense
impulse sequence or the greedy compiler, but it does use
the Step 1 terminal deflection direction when ranking
candidate impact epochs.
In the maximum-deflection cases both methods use the
same assumed authority 𝑁 , so they are directly compa-
rable. Fig. 6 shows the percent difference between the

Fig. 5: Difference between the compiled campaign and the
continuous VT solution. The horizontal axis gives 𝑑VT,
and the vertical axis gives 100(𝑑greedy/𝑑VT − 1). Marker
shape distinguishes maximum-deflection and minimum-
Δ𝑣 cases, color denotes lead time 𝑡0, and the dashed line
marks zero difference.

Fig. 6: Maximum-deflection comparison with the STM
direct allocation baseline. The horizontal axis gives 𝑑STM,
and the vertical axis gives 100(𝑑greedy/𝑑STM−1). Marker
shape denotes 𝑣rel, color denotes authority level 𝑁 , and
the dashed line marks zero difference.

greedy compiled VT campaign and the STM direct alloca-
tion baseline. The median value of 100(𝑑greedy/𝑑STM−1)
is near zero, and 269 of the 270 cases fall within 1% of the
STM result. The VT-to-MKI pipeline thus recovers essen-
tially the same design space as the baseline STM-based
allocation.
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The minimum-Δ𝑣 comparison is different in kind, because
the question is no longer the deflection obtained at a fixed
count but how many impact opportunities are needed
to reach the desired deviation. Fig. 7 shows the greedy
compiler using more impactors than STM. The median
ratio 𝑁greedy/𝑁STM is 1.143 over the 386 cases with valid
STM count comparisons; the greedy count is larger in
274 cases, equal in 107, and smaller in 5.

Fig. 7: Minimum-Δ𝑣 comparison between greedy com-
piled count and STM direct-allocation count. The hor-
izontal axis gives 𝑁STM, the smallest STM count using
full-size impacts that reaches the target, and the vertical
axis gives 𝑁greedy. Points above the 1:1 line require more
compiled impacts than the STM count reference.

This gap is not a failure of the compiler, since the two
methods answer related but different questions. The STM
sweep searches directly for the smallest set of full-size
impulses that crosses the desired deviation, and it ac-
cepts larger overshoot to get there, whereas the greedy
compiler preserves the structure of the VT continuous
minimum-effort profile, which more precisely tracks a
desired deviation. The STM count is therefore a feasibil-
ity reference for the minimum count, while the greedy
count reflects the cost of preserving the structure of the
continuous VT solution as quantified next.
E. Why Minimum-Δ𝑣 Profiles Can Require Extra Im-

pacts
To quantify that cost, we can define an impact count based
only on total effort,

𝑁LB =

⌈
Δ𝑉𝐴

Δ𝑣𝐴,1

⌉
. (45)

This divides the total VT optimization Δ𝑉𝐴 by the maxi-
mum velocity increment one impactor can deliver, Δ𝑣𝐴,1.
This count acts as a lower bound based only on effort

Fig. 8: Compiled count 𝑁greedy compared with the lower
bound based only on total effort 𝑁LB for successful
minimum-Δ𝑣 cases. Points above the one-to-one line
indicate cases where timing, cadence, or distributed small
corrections require additional compiled impacts.

and it ignores timing, cadence, and grouping constraints.
Fig. 8 compares 𝑁LB with 𝑁greedy. The greedy count
is also usually larger because minimum-Δ𝑣 continuous
profiles whose lower deviation constraint is active often
contain small distributed corrections that are useful con-
tinuously but difficult to merge into a small number of
finite impacts.
Fig. 9 shows a challenging 40𝑅𝐸 target case with a 48-
month lead time, 𝑣rel = 5 km/s, and a 3-day cadence. The
campaign succeeds with 𝑁greedy = 302 interceptors and
Δ𝑉𝐴 = 1075.44 mm/s, but many corrections remain small
enough to form additional lower magnitude compiled
impacts on the order of 1, 2 mm/s.
F. Representative Campaign Examples
We now examine two individual campaigns to show how
a continuous VT profile turns into a discrete impact
campaign. Unless stated otherwise, Step 3 uses the
nominal compiler settings, meaning the same 𝑣rel and
Δ𝑡cad assumptions used to set up the Step 1 case.
The first example is a maximum deflection case with an
84-month lead time, authority level 𝑁 = 75, a 7 km/s
impact speed, and a 7-day cadence. Fig. 10 shows the
VT profile and the impulses selected by the compiler. If
the VT profile were an ideal sequence of fully saturated
arcs and zero-control arcs, the compiler would recover
the original authority level 𝑁 = 75. In this case, the
profile is close to that structure but not exact. After
midpoint transcription, some of the effort is split into
additional small increments, so the nominal compilation
gives 𝑁greedy = 77 impact opportunities instead of 75.
The total asteroid velocity change is Δ𝑉𝐴 = 417.8 mm/s.
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Fig. 9: Minimum-Δ𝑣 VT profile and subset of the 302
compiled impulses for a 40𝑅𝐸 deflection with a 48-month
lead time, 𝑣rel = 5 km/s, and 3-day cadence. The dis-
tributed small corrections in the continuous profile pro-
duce additional small compiled impacts.

Propagating the compiled campaign with the nonlinear
dynamics reproduces the continuous VT deflection almost
exactly, with 𝑑VT = 233,399 km and 𝑑greedy = 233,974
km.
The second example is a minimum Δ𝑣 case that reaches
a 4𝑅𝐸 target deviation with a 36-month lead time, a 7
km/s impact speed, and a 3-day cadence. Fig. 11 shows
that the active control window is compact and close to
a single saturated arc, and Fig. 12 shows the matching
trajectory. For minimum Δ𝑣, the number of impactors is
not prescribed in Step 1. The useful reference is instead
the effort equivalent count 𝑁LB. Because the VT profile is
already close to saturated, the nominal compiler recovers
this count exactly: 𝑁LB = 𝑁greedy = 18. The achieved
deviations also match closely, with 𝑑VT = 25,513 km and
𝑑greedy = 25,550 km, so the nominal compilation adds no
extra impactors beyond the effort based estimate.
G. Recompilation Under Different Mission Assumptions
One advantage of the method is that the same VT solution
can be recompiled under different assumed mission con-
straints without resolving the VT optimization. This is
useful because the asteroid Δ𝑣 delivered by each impact
may vary with transfer feasibility. For example, a future
mission design may find that some epochs allow higher
impact speed than others. We demonstrate this idea with
the 48-month, 𝑁 = 25, 5 km/s, 7-day fixed-budget VT
case, for which 𝑑VT = 32,615 km and Δ𝑉𝐴 = 99.5 mm/s.
Table 2 compares three compiled MKI campaigns ob-
tained from the same VT profile. The nominal campaign
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Fig. 10: Representative maximum deflection VT profile
and nominal compiled impulses for the 84-month, 𝑁 = 75,
𝑣rel = 7 km/s, 7-day cadence case. The vertical markers
show the impact opportunities selected by the greedy
compiler from the continuous VT profile.
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Fig. 11: Representative minimum Δ𝑣 VT profile and
nominal compiled impulses for the 4𝑅𝐸 target case with
36-month lead time, 𝑣rel = 7 km/s, and 3-day cadence.
The compact control arc compiles without count increase,
giving 𝑁LB = 𝑁greedy = 18.

uses the original Step-1 assumptions for the fixed-budget
case, namely authority level 𝑁 = 25, constant 𝑣rel = 5
km/s, and Δ𝑡cad = 7 days. The two custom campaigns
keep the same VT profile and cadence, but assign different
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Fig. 12: Minimum Δ𝑣 MKI campaign for a 4𝑅𝐸 target
deviation in 36 months. The nominal compiled impacts
use 𝑣rel = 7 km/s and 3-day cadence, accrue near perihe-
lion, and achieve the required deviation.

relative impact speeds to three time segments. In all three
campaigns the final deflection is essentially unchanged
after compilation, but the number and density of compiled
impacts change with the assumed relative speed. Figs. 13–
15 show the nominal and custom compiled campaigns
obtained from the same VT profile.
Table 2. Recompilation of the same VT profile under
different mission assumptions, with 𝑑VT = 32,615 km.

Campaign Relative impact speeds by time seg-
ment

𝑁greedy
𝑑greedy
[km]

Nominal Constant 5 km/s over the full active
window

26 32,598

Custom 1

Time-segment speeds:
6 km/s on [−48, −45] mo;
4 km/s on [−45, −40] mo;
2 km/s on [−40, −5] mo

43 32,604

Custom 2

Time-segment speeds:
4 km/s on [−48, −45] mo;
3 km/s on [−45, −40] mo;
6 km/s on [−40, −5] mo

37 32,602

This example shows the practical value of separating VT
optimization from campaign compilation. The continu-
ous VT profile defines the time history of the required
asteroid deflection, while the greedy compiler maps that
profile into different finite MKI campaigns as mission
assumptions change. If a time segment is assigned a lower
relative impact speed, each impact delivers less asteroid
Δ𝑣, so the compiler needs more impacts in that segment.
A higher relative impact speed has the opposite effect. In
the ideal case of a saturated bang-off-bang VT profile,
with impacts at the same maximum relative speed used to
define the authority level 𝑁 , the compiled count should
recover the nominal authority level, 𝑁greedy ≈ 𝑁 .

IV. DISCUSSION
The results support the main role of VT as an intermediate
representation for MKI campaign design. Its value is that
the impact count, timing, and distribution do not have to

All impulses 
at 5km/s
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Fig. 13: 48-month, authority level 𝑁 = 25, 7-day fixed-
budget VT profile compiled with nominal constant 𝑣rel =
5 km/s over the active window, giving 𝑁greedy = 26
compiled impactors.
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Fig. 14: 48-month, authority level 𝑁 = 25, 7-day fixed-
budget VT profile compiled with custom 𝑣rel = 6, 4, and
2 km/s over the early, middle, and late active segments,
giving 𝑁greedy = 43 compiled impactors.

be fixed before solving the deflection problem. Instead,
VT produces a continuous control profile that achieves
the objective, and the compiler converts that profile into
a finite campaign under the selected cadence limits and
delivered asteroid-Δ𝑣 bounds.
In the maximum-deflection cases, the continuous VT
solution, the compiled campaign, and the STM direct
allocation reference case all reach almost the same termi-
nal deflection along the Step 1 deflection direction. This
agreement shows that the VT profile contains enough
timing and direction information to be reduced to finite
impacts without losing the achieved deflection.
The minimum-Δ𝑣 cases behave differently because the
optimizer reaches the target with little excess margin.
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Fig. 15: 48-month, authority level 𝑁 = 25, 7-day fixed-
budget VT profile compiled with custom 𝑣rel = 4, 3, and
6 km/s over the early, middle, and late active segments,
giving 𝑁greedy = 37 compiled impactors.

The useful part of the control profile is often close to
bang-off-bang, but the active minimum-deviation con-
straint can introduce small corrections that keep the final
deviation near the target instead of overshooting it. These
corrections reduce continuous effort, but they are not
always easy to merge into a small number of impact
opportunities. This is why 𝑁greedy can be larger than both
𝑁LB and 𝑁STM.
The STM direct allocation case should therefore be under-
stood as a sensitivity based reference, not as a replacement
for the VT method. STM directly places full-strength
impulses and may allow more overshoot beyond the target.
VT instead gives the continuous effort, timing structure,
and compiled campaign associated with the minimum-Δ𝑣
solution.

V. LIMITATIONS AND FUTURE WORK
The present pipeline is a campaign design framework,
not a full mission design tool. It prescribes the velocity
increments that the asteroid must receive, but it does not
compute spacecraft transfer trajectories, launch windows,
or transfer feasibility. The greedy compiler is heuristic and
does not prove global optimality for the full mixed-integer
nonlinear MKI design problem. The terminal metric
used here is Earth–asteroid deviation at the nominal CA
epoch; B-plane or MOID targets could be used in the
same framework but are not implemented in this study.
A useful consequence of the VT formulation is that a
continuous VT profile can be recompiled under different
mission assumptions, such as impact speeds that vary by
epoch or different cadence limits. In this paper, those
assumptions are prescribed compiler inputs rather than
outputs of a transfer analysis. A mission-aware compiler
would instead use interceptor reachability information,
including transfers from Earth–Moon parking orbits and
other escape-transfer options, to set or reject candidate

impacts at each epoch. Another extension is to solve
the Step-1 VT optimization with indirect optimal-control
methods, which would reduce the dependence of the
continuous VT profile on a prescribed time grid before
the profile is transcribed into impulses. Further work
also includes studying uncertainty in the momentum
enhancement factor 𝛽 and testing robustness to missed or
off-nominal impacts.

VI. CONCLUSIONS
This paper presented virtual thrust as a way to design
MKI campaigns without fixing the impact sequence in
advance. The method first finds a continuous control
profile that produces the desired asteroid deflection, and
then compiles that profile into a finite set of impacts under
the selected cadence and delivered asteroid-Δ𝑣 bounds.
The numerical results show that this split works well. In
the maximum-deflection cases, the compiled campaigns
retain essentially all of the VT deflection and closely
match the direct allocation baseline based on the STM.
In the minimum-Δ𝑣 cases, VT reaches the requested
deviation with little excess margin, while compilation
requires only a modest increase in impact opportunities
when small corrections cannot be merged. The results
obtained show that VT can serve as a practical link
between continuous optimal control and a discrete MKI
campaign design.
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